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Firank St enger
Department of Iiath:umtlcs. University of Utah.

Salt Lake City. Utah 84112, USA

David Elliott
Department Of Mathematics. University of Tasmnia.

Hobart. Tamafia. Australia.

:P Abstract- both Z and I/Z are absolutely Integrable over (-1.1).
see Elliott 141. As discussed In 131. father then

The use of the Whittaker cardinal (or misc) solve (1.1) for w. It Is computationally more
ftisction for the approximate solution of the completes convenient to solve for the function ay where

WO M6 onv-d toensitonal. singular Integral eqtiation withw(17
.?arbitrary index It discussed. Nostly w.* shnll be - Z)F(I)
'I.concerned with the case when the equatio.n to taken the function r being defined by

over the arc (-.03. An Indirect etsd of approximate 2 2 11135
oolut ion, based on the equivalent Fredh.,lm Integral r(z) W +a(a b W)
equato , is1 described. Convergence of the approximate

soltios s dscuae insom dtai an i isalewn and assumed to be strictly positive for all x In T snd
soluion isdisussd I so deailandit s sown its end points. We replace (1.4) by the followingthat the error decays exponentially, equation for F.

1. Introduction (&Z/r)IF * bSa(ZF/r) +*X (ZPlr) - f. (1.9)

-. I ths paer e prpos to nvetigae ~~s~ it is well knoewn (see, for eample IS) and 141) that
of the Whaittaker cardinal function (or zinc function) hequatto e e"e lrxd ota ti
for the approximate solution of th.' sing-olar Integral euiant o
equat ion F ~(ir)AFr)+ (a/rZ)XZF/r)

* aui~s too'~ !- -Q2i! * K(x.t0w(t)dt - f(a). (3.3) *(eflrZ) - b.* Cf rZ)+ bPC1. (1.10)
r Fwhere P.- is an arbitrary polynomial of degree K-1.

for a o 1'. wt.~,e ii.u an open art which mostly. in It being understood that p.- s 0 when K 1 0. Now

this paper. wr take to be (.). The run, ticees a. b. (1.10) is a Fredholm integral equation of the second
I and I of (1.31 are ensum--d to be give.n on r and it Is kind and we shall use It as the starting point for all

arequired to find w. or approximatious to~ w. Tle first methods of this paper. Thus we shall be describing sn
Integral appearig in (1.1) is a Catichw prieeeipiel value "Indirect" method for the approximate solution of (1.1).
Integral defined h~v

-!(A rviw o e us Jof sinc funictions for the
wQtdt t ;i ~ ~i 12 prxmt ouin of vio auctional equetions

t X "#r Ir t behst been given by gienger 1913. and frequent reference
a. * to the results of 191 will be made throughout this

paper. However. in 12. we derive a new close of miscIwiscre ftoi that part of t' eut out bv a circle of approximationa which Is particularly suited to the
radium 't with centre at a. provided that the. limit soleetlen of (1.1). for the Interval (-1.1). if we*xsts. let JD denote the eye-shaped region containing(-,)

see (2.35), then we shall ssume that F io analytic in
The theory of equation 0.i~ is to be found, for JD but of the close Lip in the closure ofjD ; we

example. in the book by Pluskhelliiei 181 and. write F t, %AD (see ifinition 2.14) and in 12 we
following him. we shall look for solutions w of ( 1.31) deieItaplto n0udaua omlefrmc

Iswhich are absolutely Integrable over -. 1. Let us eieitroainadqartr omlefrmc
define functions.

'I'd ~ ~ ~ ~ L 3 -- L~)a ~ t 17 (3)6 3 we first consider ese of the properties
-fft (A w)(t0) -JK(x.t0w(tdt.01) of the integral operators arising In equation (1.10)

r Iand then we consider its approximate solution. This
thenwe (r. rwrit (1.) asIs based on the Calrkiin method buts me we shall show

0 thn w c~r. ewrte 1.3 asin O.I.S. the minc approximating basis that we use
aw 4 bM W aA W f. (1.4) reduces the Calerkin scheme to a "ytro scheme so

that it Is also a collocation method. The details
.4 ~~~~Suppose that (1.0) has Index awhich sav be positive& of Ih aprxmtor ie n5. m 33

ne~getie o zeo. Forthe alclaton f *givn a in 13.4 we conaider the convergence of the approximateand b. see tDow and Elliott 1 I1). If we define solution to the exact solution, lin our diacreristion
C(s) (aWO)- ib(x))/(&(X) 4 ibW) (1.5) we obtain a (21143) term linear appresimation FT m ay to

then the fundamental function Z to defined by IF which satisfies (.3

1(x *exf (i/fl lg 4(sJ3.) upIF(s) - T N(R)I s DU MePI11600c(1.11

where we choose appro.-riate branches of lop C so that as No-. it in. of course, this mrpsenatial (rather
It is continuous on (-1.1) and furthrunre such that than algebraic) decay of the error with H which makes

the use of sc funection methods ionummerical analysis
______ ______________________ so attractive. Although we shall not do so here, it

~ iesarc1~ itd U.S. Army Research contract my be shows that the rate of decay on the right hoad
ge. D gr 3 0032. side of (1.11) io optimal (ame 121) in the moves that



*there Isano basis Icw 3. k(~d h t..Nl)l)WT
U1 3,. such t16t Its~d - 2 r5

P,'
sUP JIF(m) - c(r)owk(s)I 1zeoi(* z h almz)d

- O((.')Pap(-IH). (.2)5 21
me 11 , where p Is Isa fixed polynomial In P and N1, 7(x)S(k~h)*#(z)dx - h(z k)/"'sk)

eed where V~ > (vdcs)

finally. In 54. we consider a particular exampiC. 2%'~ IFz xpisr.jhsn(Ia))Id.
Mei paper is lotendrd to provide the foundmation for the #() k
application of sinec methods to time approximate solution (2.9)

of singular Integral equations. Iitwh reailns to be n
done and, In particular. one might tvstion time study of ai)
direct Oetimodg for approximat soim 11,n1111, WFStM01ig'n to (!)dt _~ I Ik
other arcs (only briefly sent ivived here) and closed r j (t).4(x) kcZ * ( 'k .. ,.()*- x

* ~contours, and finally thoe application of these methodsr
to systems of singular integral equations. L1 x/h - eoi *z/sp(lu#t(r)) dz.

2. ItPrain ru 2njEyal..tI!,AI ( )4 s Ii*(/I(20

The definitions. notations; and reosults of this Moreover. If the left hand aides of equations (2.7).
section are Important to the rest Of the r'aper. us (2.11). (2.9) and (2.10) ors, devoted by rt I W. n'~2 113-
shall derive two families of formulae for a very tl,(3) respectively then
general contour r. These two families reduce to a
single fouily in the rase when r -3a. The Important In1 (z)I 1 6 (F.iM)/(2nd stubh(vd/h)). 5£ cF
case of I - (-1.11 is then given special ronuilderation. I x(v/)~.b)( tb011)

2.1. The tonsintI) a nd Approximtingt Functions on A.'~ ~(-dhNFb)(2su i/) 2.11)
_____ - --- --- -Itl h esp(-vd/h)N(F.A))/(2%d)

Definit ion 2.1. let I dv~in-eV the' Tral II"..
it* . - .- It.t Cl! - It + * y: a It3. y I. R) nd let 111 4 s)I -(I 4csp(-aNd/h)) N(F.10) /(2d slob (td/h)).
Z - Ii: to - 0. T . .... Let d and t. denote It r
positive numbers and Jet us define

If -it C Ilrl . 11. 2.1 IPrf,. See Stanger 19.

S~k~t).(x sinn~x-h)Zh * n 2.4. In addition to F e 30) let us
11.1- - (2.2) assume that for als c r.

-~k 1o.L(k) ~! k (z 2.j (2.3) IF(x)/$*(s)I S C estp(-oI#(s)I). (2.12)

where Cots are positive numbers.

tefinition 2..lan e C. an denote ly connethed on if eqnfiins 2 6). 1-1.2 and 6 for the case when the
Cope ln .addnt yaJ h onayo niiesm E or* replaced ly finilte sims

Let sob (b 0 ) be boundary ponso n e N e aif 21). I iI eetdb
*be a conformal mop of A) onto Oud (art- (2.1)) such tk-' LtTstsy(.2. I ti eetdb
that V(al - - 6(b) - . Let I I denote the the formula
Inverse mop and set h*(da)~(.3

r -J4.(x) It j (2.4) then thete exist constants CIwhich are inependent of
ph ,.(lh)It 2. (2.5) such that

.Let 86e) ml,'thltC the family Of all funi11tio F that are JA 1.N
1  

CINexjWd .I-12.. (14

analy~tic InA) and such that If ht is selseted by the formula

N(FAU) . 1(04ud12 in? r j IF(s)dIt(. (2.6) h a (xd/oN)" (2.15)
11 c C.. then there filiets a conatant C2 - such that

16 1 C C..epf-(lidm")%J. (2.16)
d. 4 Ttmrem 2.3. Let S(k~h) and T(k.h) he doefined by (2.2) 2.0 2

and (2.3) respec tively and let IF r I(&). Tern. for If ho Is selected by the formula

- i,.. where -1 to a positive eossent, than ther*exinist

* positive constants C, aned 6 such that

Proof. See, Stagger III).
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i' 2: :  We observe that the bund@ on In (all nd In (.)1 In S(M911I() kT ~ k) .khex ) SO

Theorem 2.5 apply uniformly for Ill f . Moreover t _. - JZ (%%
the integral (1/1) r (F(t)/(#(t)-4(x)))dt as well as n h ( )4(n) dx

its approximation via (2.101) approaches vero as. x 2l b[0(s)et JI e (sjI '.
r. approaches an end-point of r. Thia Is n..t (2.30)

"- mecesarily true for the new approximation which we

s shall derive next. this equation holding for any F c 1(10) and All

" Let ua define the (ntions interior points x and t of r. Setting a - t in (2.30)Letin u define t functions Igiven (2.23).

(u) =" (,k~h~) . h n - 2k "- (2.19) Equation (2.24) follows directly from (2.9) if, iIn
(2.8). we replace F by aF and use definition (2.19)

(a) t~.k.h.x) ."()- -I (220) for *k. noting that sinl t/h)(9(a)-kh)]Z:-. - -k (Ii)kninfw*(z)/hJ"

where we intend to use the abbreviated ntation when To prove (2.25) we multiply both sides of (2.30)
the roles of 0 and h are urlerstood. From ,,quations by integrate over r. and use the
(2.2), (2.3). (2.19) and (2.20) it follows that identities

t( . if I ". 1_11 iL~w dt - " oaenp(i h)sgn Imh) (2.31)
2-(-I)1))_k-t)). if

1 T(k,h)0.(z) O. if k 1,; 2 e C. a i I and

and ifstnt). , .eos(wx/b). (2.32)-,% o 10i . I f t t, i
. t 1 '(i).(2.22) ( . from which the result follows.

tIt 0 1 h( l -(-l) ' ) ( ?, - I 
I
t Finally, the error bounds (2.26). (2.27) and.O. If k . (2.28) Iollow directly by bounding the contour

Theorem 2.06. 1t o. B(S) 7h*.,1 for aI a r r. intitrati in (2.23). (2.24) and (2.25) respectively. *

a - a.b We remark that under our asaumptions on F the
) (akl right hand sides of (2.23) and (2.25) my become

-. " k (C) unbounded as a approaches an end point of r. nence
k7'k It(2.23) to (2.25) suet be Interpreted to be accurate tn

fn8(nC(x)/h) F(P)da the sense of a relative error. An absolute bound is
)sln[,:( .TI (2.23) possible i.e. (2.23) and (2.25) hold for all a on F if

M(fi) s mp M(F.*D,x) < -, see (2.29). In general

F(als (x)dx - we must exercise caution in the evaluation of the
2 r approximating sus In (2.23) and (2.25). For example,

"h(xk ( ! if a - then Cl(s t) - 0 which poses no problem.
Za J ,';• "" '"On the other hand if we define

J, ~ at k (2.24) 1 F(t)dt

-I Ftd_ . )(( -" ; t-2 (2.33)

C3(x) W 4 - k r"-k)t,(x) h-l
N k.Z k then F)(,,) Is not necessarily ,ero and we have. by

(2.2)hft25)

. i'.'vr Te-v.,a ono this() sum to within a>/,) .. () d.. relative( error
... ,. -- 1 (a Mad.;)

%,. I (2.2s)

of 6 can be carrid out by means of Algorithm 2.7 (see
-"I ~s) " (F.).z/(2sln( dh)) (220) below). The approximation of F(a). It P a by (2.23)

2 (2 can be carried out by a similar algorithm.

*'ALongrltha 2.7. Evaluatton of the sum in (2.34) to

Sif3(x) i " N(t.' ,x) 1xp(md/h) J/(2'slnhf d/h)), within t r,lative error.

N )(2.28) S I t a
where N(F, F(z)/(x)dl. (2.29) i*, v * , . Is.I-..:2"': ,k -k - 2< ,

It It 2 ife(k(Z-t] |

C.'.. Proof. To prov (2.23) l., us. in (2.7). replacex T $F - kakI
by t and Fix) by I(,t(t),,(x))/(t-x)IF(t) to tive U -V, , V ITI

I I It.: ',. (tI * )Iz )

* 6 (I'*V V)1 1

..- ( )

O.5,

.5.:

%,

* . 0 _'. . - a . p c . .. .. . .. - : ..- .- , ' .+ ,> -, - . *. .,. - -
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M 1 k-t I On the Interval r\12k we was the imquality*'"•S 
2
F(zk)II*'(mk)(sk'xt)I Isln{(Ilh)I*(x)-&hiII 1 1, than for -,ny k e Z

U - 1. V - n. V - IS2 t ak1. the

It Ik42 21It(a - /-k )I ' Is .-J U-7" k~l -F"(tk)(-'"k)i
S -2F(zk)/l'(zk)(zk-lZf)

S 2 . S 2 + T[

U - V. V - W. W- I1"1 / - e11

M - ,See Definition (2.2).In) S - IC(C) S,2

In order to replace the infinite sum in Theorem .'. ma-K) I S 1 (2.42)
2.6 by finite sums, we consider three mpt,lal cases of *-(zk) #'Z1kkI)

; the transformtion 6.
Saffrom (2.41), for each of the transformations (2.35) to

. .2.. r - (-io). In this case choose (2.37).

AIk a - Consider now (2.39). On the Interval"0 * -Z a I . "kl.k+11 we have

It C : larg(L- • d). 0 t d < N. tb(s) I
I I i ' ( . ) ( . -. .

Ex.2.9. r (o.-). Choose 
( n h ) d

*(z) - lo t a 2 k 2 @ (2.36)
- vz , : Iarg ,I < di 0 d mx *fokcZ

ux I i-- )I . for k •Z.
' Although the apping (2.36) suffies fnr viny pro biemus E :ik kI k

over (0.,"), it is unsuit.ble for thoa, I,,r whilh the,

corresponding funtions to be arprVxfIML, -l are
unbounded in the reglcir)of (2.Y). Te following Hence as In (Z.41) we have
transfirmation is suitable in the case wh.n theme Itk(3)6'(zk) I a h (2.43)
functions are analytic and bounded in a strip
containing the interval (0.'). Finally on r\izk-l*ak+l] we have

,-.2.IU. r - (.-). Here we chsoose 11 - cosl(,/h)I*(x)-khjlI % 2 so that, for k c Z.kh lIrk~r)k ,(hhI I
0) log(sinhz) z logiekt*(I+rk ,k. (I2.37) Itk(s) - (2h/) , Zklk . (

I 1 i, (k)(zk)I (2.4)o " j arg(,ih z)l < di. 0 < d < k. "'k--" ~

Graphlial illistration% of the regionseP of (2.35) to where the lost inequality follows by proceeding ma In
(2.37) are given in 1I. the derivation of (2.42). 9

Loma 2.11. Under any of the transformations (2.35) to A M 2.2. Let ua ass me, in addition to
(2.37)'we have P(I) ), that for some positive constants a and C

sup lak ( k I  
h  (2.36) I1(s)I 1 c. E . (2.4S)

Se r
aup Itk(,iC(* • e

h  
(2.39) e note that (2.45) Is equivalent tosu I (R ) ( Ch (2.39)

%er ( IF()I SCII-21 , test. (2.46)

tProof. To4 provye. (2.1) we consider ftrh t s to he' in for the, case of (2.35); to
the literval ( k-i'k+iI and then x to he in the

reminder of r. For z k |  ' b 2 S ak+' we have c It/l s C o. (2.47)

Isinfatn(hhl.3)khh}ll (s/h) 16(x)-khI (2.40) for the case (2.36); and to

Henc,. nn this interval. for any e ,z I(,)I • Cis*-e . a, .. (2.48)

1 *(N) for the case of (2.37).

( Theorem 2.1. If Agmeaption 2.12 is atisfied and ifI:~~~~~~:)-n ____o th *h* t a ; adnsfuththa fo% one of the tiansfonmtions in (2.35)

mk T-- T, d(2.41) to (2.37). then by taking h - Iid/N)
"

, that* exist
it constants C I and C 2  indepndent Of N. embc that for

for each or the transformations (2.35) to (2.37).

IF(x) Ma f )/*'(ak) elsC m(( ))

ks-N It(2.9Z

11 r IUP! F



and IF()-(LW) () - IF(zk)-(LF)(sk)|S(k.h)e9(X)I

jiJf~c- -- ktklZ)I C as (2.50ll~k ) SC €I'a,-p(-(IdO)'). (2.57)

r k(2.5)
- IFr(s)-(LP) (u) - IFa Irt)-(L)((lfa f (s)) I

Proof. If Assnption (2.12) is satlsfied then It k--N
fol- a for each of the transformatlons * of (2.35) to
(2.37) that N(FR) sup, U(F W A,) --, aee (2.29). S CUvap(-(UdU)W). (m.54)
Thnt nfr c.u)th j * 1 1 dned by (2.26) and (2.2) I(tdt

it foll owsi Ihat (22MM. ___-$Fe) -

f irj(al) c aip (-Id/h). (2.51)

wh ere- A Ia Independent of h. "f-nee, for (2.49). we Y IF(k)-(I.F)(z)JT(k.h)e *(x)Is C xp(-(dmN) ),
have~ on using (2.1) that k.- (2.59)

IF(.) - ) Nf(zk)(ak( )/#(Zk))? 1 i ( (t)dt 6V (L)() -

% L -d/h + h 
U - -x

I
k  

(zk)-(LF)(k)](t (M)/t°(z))l
l. ., k k k k 'c ( '"%

s Ae ° d/ h 
, ZCah I *-akh fro (2.46) Its (2.60)

k-N. I

-d/h h -a(NI)h h Proof. This Is a consequence of Lase 2.15 and
-Li 4 2Ceh /(-e 

)  Theorms 2.5 and 2.13. 9
-A- dA h 4 Wehe ONh /(h). Remark 2.17. If h to selected by

,. -. Inequality (2 51) now follows on choosing h y/U (2.61)

h - (rd/(AN))i. The proof for 13(s)1 follows
similarly, using (2.39). Where f to a positive constant. than there exist

positive constants C sad 6. Independent of M, much
2.3 The Sp!efal Case of r - In this came the that the right bnd A'des of (2.57) to (2.611 y be

transfomation ;. the region W and the points ak replaced by Coeop(-f .
k h Z are defined as In (2.35). The ;,$Ion to

bounded by two circular area Intersectleig at the end 3. The Itetnral Rquation
points !I at an angle d any (nee Figure 4.2 of 191).

If F * CI-1.lI we define LF by 3.1 The Operator T.

(LF)(z) , (-z)f(-)/2 + (lz)F(l)/?. (2.52) Following the discumsion of 51 (me (1.10)),

A Then,. ee (2.33). let I be an operator definad by

(V)(.x) - (|/|0)F(-,).F(,)I - (,,5)9(.)(.,)(t). Tr-- f)([; - b$'(!())- (3.)
(2.53) Let us define k(.t) by

Diftlltion 2.14. LetaP be deiint'd as In (2.35). let k(x.t) - K(x.t)Z(t)/r(t). (3.2)
0 , - , 1. and let at (A) deott. tiit. family of all
fut "loa h are asnlytir In A and of cl.-m Lip, in A rsiuor.Lfn 3.2. Lot AD and B(0) be defined as in
X . ,.. .r of A*. 0 Ihlnh i.,n Y.- and let us aslume that:
Lesma 2.25. Let F , u(A*). then the foinrt ion c (a) far some flid aI r (-.).

;K-i I d m 33
SC - F - LI (2.54) - (3.3)

to analytic ino 5and satisfies (2.46) for all a tI.
(b) k(*.t) ao analytic inm for each fi ed

Proof. Ie have t C (-2.1);

I((.) -F(I) I r , (c) k(-.t) satisfies a Lip0 condition. I.e.

" -. Ik(s.t) - k(y.t) 1 1 C(t) I,-yl (3.4)

where R In the Lipschits constant of F. Now if at 0
and li-z I. hen 1iz1 ? I so that for all nurh a, for all t q(-4.). for all Xmy db and where
111;810 S K~I-2 1

"
. Similarly if i - • i . t4wn C(t) 1. arch that

I- l , I and the lim follows. # I

Theorem 2.16. Let *, a• and 60be defined as in (2.3. 1iC(tdt < (3.5)

.9..'Lit Fe S(J)). let h be rhoen t irh,? 3.2. Let Q be defied by
h 0 (ad/( d))

t , (2.56) 3 L d

" ad IfISO(LF) be defined by (2.51). Th.n tiuere (Q)(s) a k(s.0?tdt. (3.6)

mtlots a constant L. Independent of tN. Puh that for Then 0 Is compact oprator mlig L'|-l.13 to
all aI I I-J.11. T i m ps"

p.

1% .



_ Proof.__ Let L-1.11 be given, and let us get On lettil a C c A(S) we get
Plr- f I(s)l. (3.7) (M) . b()llh() MO t (3.19)

AMS

Then time Inequalitty T,ing 0 - -d In (3.18) we see that w(l) If analytic In
Ik(z.t)l 9j k(x1.t)j + lk(x.t) - k(zi.t)l (3.8) (D. Next. vith C an arbitrary point oft. v.e se

I I from (3.19) that misca both w() sod b( h( ) are

combined ith (3.3), (1.4) and (3.5) yields analytic In D so to
'C" l(QF)(.)l -5 ( 0- 1 )frlL (3.9) v( ) 4 af J it- t (3.20)

where A()
ka'"y l 2. if 0 - d . 1/2.

-max IN-YI -2/mind. if .12 , d < 1.(3.10) Mc next show that Of c Lip (I). To this end, it
suffices to show that the Solution 8 to

f w he v ha(u)Z(X)c(x) , b(-) I Z(t)2(t)d-t f(). z . A(C)
from which we have tht r(x) 7 J r(t)(t-)

IQA a. nev. (3.11) AM (3.21)

Noreover. we clearly have that QF Is analytic In JiD of close Lip IA)I whenever f £ LipcIA(S)I.

*.. and furthermore, for all s.y ru)we have. by (3.4) and Let ws set

(3.5) that 1 ~I nS et- "- .z t i-- (3.22)
I(QF)(x)-(QF)(y)l C t[ lk(x.t)-k(y~t)l IT(O~ldt I _7

I-ydI Under this transformtion (3.21) becomes
s: Is-y1.lrL 11C(t0dt a I( )zl(I I( + b( ) I ! M 21(i)&l(,)di

-- r I MI. r -( I I M.)

YIX-y101FL. (3.12) rl(I) "- I -') (3.23)

That i.. QF zips a bounded set iF c L'I-1.I:IFL c Al -1 C 1. where s1(&).b1 (E), Z1(C).rl(C) are related
into a family of functions that are analytic and

I.. *uniformly bounded in Jb and of class Lipd in . This to ().b(x).Z(s).r(z) respectively by a relation of

proves Lema 1.2. 9 t form

Lemn 3.3. LeL a and b be in B (0) and suppose that a1(C) w here s 3 24)

1r1 - o 11 "') 1 0 -In . (3.13) f .( ) f-

Then the operator T, net" (3.1),Is a compia I operator

mlpping L71-1.11 into %(a). More that aI and bI are analytic continuations into
,,J D of a and b respectively so that they are in the

Proof. Setting f - Q,. It suffices In view of Loe class Liptk-1.11 and satisfy b 6 . 0 on
3.2 to show ihat the operator R defined by I

.f I11 Also. since I cg Lip i) It follows from

f if- (3 0.14) (3.24) that I # LIPO-1." 0-. Consequently. in view
rZ -rj -- of (3.15) and (3.16). the ablution &I to (3.23) Is of

o sa compaet operator mappin eB () o into 3 (0). class LUpcd-h .11

Now, see 41, the solution to t equation Thim. proves that f is analytic in b) and of

azX/r + bj(Zg/r) o f (3.15) close Lipu(). Finally. let us set

having index r is given by 1 sup I(Ua)(c)I (3.25)

i t Of * bP, (3.16) 8a , )

whr r P l' an arbitrary polynomial of u,.,re- c-I (

' -1 - 0 if 0). Aio under th. given conditions Clearly we oust have JIRUj -, for if IlOUi- . then
a 4 !Lip (-1.11 whenever f , Lip's [- , see I53. assa consequence of the fact that the supreamm on the

right hand side of (3.25) Is taken over a compact

In order to show that Hf * S,,(Fi), let F be an family, there would -eist aa 4 a T () With In(Il S I

arbitrary constnnt In th. rot. -d P * d. and let in,$ such that d8 a (0), contradictiq 4 H (I()
A(S) denot the circular arc for all I c 3 (A). D

A) * :ar$(l')/(I-C) to . (3.17) emark 3.4. Me have also shown io the above proof

" - . Let us fim x jV and f such that 0I arp(14ellll-c) that ii fc L(I-I.11 then since TF - -RQF, we have
sd consider the function oup I(TF)(r)l * sup I(RQF)()Ij 9 JR 1Q11L, (3.23)

b() h(t)dt f r
-"-I 3n so that

A(SM1H 1,Q (3.27)

O. , where ITl. Is defined in (3.7) and llQ Is boundd as
in 3.11).

...

N_,8
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Alao. If 9 in the smallest constant such that Proof. let ma write

JCIF)(x -T)(~ 5 YelP. .8)v v,~ (sa3.r r .311)

for all r with IIFIL i . it follows that vi- aunt have
0 -c K < a and that for arbitrary F tL74-1.11. Then by Lemas 3.3. v a3,0~) aMd. by Remark 3.4.

I(TF(x)- (F)(yI tItlL~x-t
0. (3.9) TlbC - a. that

S' (3.39)jO 029

3.2 Asproximation on 1- .!J. ,tIvzs)1 5 ITL IFL <(1

4' ithat and * defined as in (2.3S) let us also Benlce. setting
write. for a given positive integer h, V - v - Lv. (3.40)

(- h 3 )/(kh,) k * -NMlN, where L to defined in (2.32). we hae

-1. * amp Iu(S)I S amp tvMJ) + amp I(Lv)(g)I S IjTtFL.
seg0 sc I sdb (3.41)

Wk (2) * sk(z)I@*(zk) It -N(I)N. (3.30) Nwby Loma 2.15.
N t hence.1-21IO2Ck00.2

V-11N 0 - 0 (-0/2 k. -Nk k whr(0/2.scla
2 .*Ined

k-N heeC to a positive constant, IdeIn view of

N (3.29), we my take C * 'l'L. Combining with (2.23)
VI4()- 0l+0/2 - (I*Ck )4.k (0/2. we hove for all a c (-1.1)

k--N Iu(x) -I u(z )&k x)I*(a )I s qJFLJ(2vsoihd/h))

Given F ' '-1l we also set haz (343)i

IsF- 1 ')'i 3.31) where 2a

4 k--N-I . a sp I~---~ (3.44)

*enrk 3.S. We hove, with LF defined by (2.52)
* N Frthermore, by Lesma 2.11 and (3.42) with C * KFL.

F - F F-LF - k-N 1k)qk (3.32) wehave

so that If Fi o O) then k1b Ta()l s2oeb FL 1(1-z2)P

O~ep(81611).If h 1/0 10.11 "kN-

11 - l -i L ah1rp(-(VdbN)t)). 3.3 2 1 "F ah kh

It hi (Rd/2Nv)". where y and 6 - A(y) are positive k (140k(149

constants. Sl4 ehI 1 6
3.3 Ajiqrnxlm..tn of the' Integralt ES~it an. Nl

I hall obtain an approximate solution of the-(3)
intpgral equation *h'hIFL - (.5

V- i- (of)/Wr) - bX(M/rW) + brF_, B (3.34) Combining (3.45) and (3.43) we set. for all a c(-1.1)

where P is a polynomial of degree -,-I. Let us u 0)

ra . by the equation ks- ith
F - i~F~ 3

N(3.35) 3 1iniu/ 2 1+2Me-(S[N J qF

wher41~ (3.46)

i- -I ti'(.X That Is. from (3.32). (3.40) and (3.38).

a-n-I T T. (336 -- PevL - lv- fT.1L

a.. ~Lema 3.6.. Le7. To, be considered an operators on 2 2SihWih h J£~
LI-l~I. lI~fl (.47)

l:x~ u I(T)x TF(~ Zilustion (3.37) naw follows from (3.47) according to

IFL - I.the selection of h. *

) 0 (neap-l5)). if h - Y/N1%. 3.4. Convergence of aproximtions when (I-T) 1 exists.

*10 (Nep-w~N ~The following result is due to &aeach (see. for
ifh*Id/(oNB) I *whtere V and B are positive numbers exaple. j)

such that given 1 0. there euists 6 -6(y) '0. ei .. LtIbaloncspe.whTsd(1T-

continuous linear operators an 1. Let To be a compct
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limear operator on X such that b(__4.0) I l (1-1 (2jt .

Them (-71)_ (355)t an
* -~ ~ j~y~i ~where the aim my be evaluated to within a relative

U T )IS . (3.49) error of the sme order of emignitude as that on the
I .-I( 'T-l IT-TNI right head side of (3.54) by using Algorithm 2.7.

Loas 3.6. Let 1.7 and TNe be def mid as in Lemas 3.7. We shall next show that tender our amsptionsamo
h(x.t). our Colerkin spproximtion echme (3.30) and

(IT' (-T
1  (3.35) for solving (3.34) my be readily reduced to the

O-W N1H Hystris at-heme (see. for example. If) and 161).

*(1-T)-17-7 )jI4(1-T1I(T-T 11 _(t-T) *(3.%3) Ic, Illustrate. we observe that whileEpu7 Interpolates
'N K at TV' It -NUN as well as at 21. the absolute

so that for a, given it , x. if (3.40) it. %itlq lei.d theni value *.f the error Introduced on replacing (IPNv)(ZN+1)

*J' .Ik-T)- * - (14111)-1b pgI1)t

II-TII l I) I4s WF(N - O~pl)(Ilt -* +
I TTjIlT) 'll

Proof. See Ikebe 16). this being of saller order than the error of
Ut cn sw prve he flloing heoca.Interpolation given by (3.33), which we have chosen
Wc ca nowprov Cit folowin therem.to Ignore. Similarly Iortim)(pin -I))

Theorem 3.9. if Sg B,(1') and If (I-T) raises as a is also bounded by the right hand aide of (3.56).
bounded ope'rator on L-1-1.11 then Similarly, the quadrature formula in (3.54)

- IN) 1N.!L yields 10j
% &f1 rF)(.) he I 2eiihk(.:j)c I(Ia4e a~

O(N~ep(-(dJN)~1)*h - wdha)'~. (3.52) wtr1O(exI.(-60')). h - YiNt ,

a.where y and 'are po-it ivi, numers. r WO xkx,1

Proof. Si"', it , 11.10) we have X 1. 1-111 z cl Ml ( 4 e(N)h ) 
3  

(3.57)
fu'rtrmrore 61NR t 1I~I Since -- ,~

-I -Iv so that ist of much sosller order than the order of
(-)RW-TH W&r quadrntuve error in (3.54). Hence we can safely set

* ,-i --l -t: 0 to get a much simpler approximation, which is
1(14)5 (l4 i)I +(l..70)( r'~) h Nystrom approximation.

(3.52) follows from (0.50). (3.49) and (3.31). 0Similarly If f eS (b ) than both u - ofl(rZ) and

3.5.Galrki-Wye ti QudrauT~rA jlmton.v - b91(fl(MZ) are in I af)), &nd the evaluastin of
3.5.~~~~~~~~~~~~ CaeknNsrmQartuiAloiair.Sff(rZ))(x) via Alsoribh. 2.7 is straightforward for

2~ 0:j jbut my be impossible form a a l. Hence
in addition to (a). (b and Wc of Assumption 3.1 1 ..@"foonvnint here to replace a - 21 by

lot us also assume that x 2! NW esecivly The modulus of the error
(d) for rach fixed a , -. ) k~x.-) lot in 3(IP ) In making theme replacements Is given by

.r (see definition 2.2). and moreover for -1 < t c I

* ~and x. 1-111~~)vz~) 5 iljWlj- ~1S 20£Kexp(-(N.1)h).
Ik(x~t)I S C21-01- 20.53)

* 2 so that It is of mmller order than the Interpolation
vitire C 2 In a positivp constant and where ra in the error In (3.33).
"a as .In Aqsumpt ion 3.1.

The exact linear system corresponding to (3.35) is
t ~ Lcm.3.30. If F , Mob) amd if IF(t)I C (1-t2O-

on (-1.3) tien - T)c 0 (.58)

If ~ ~-j 2~~'-h c c where

O0u((dN ).If h - (ud/011) *0 here denotes the unit matris of order (Ri100) and T

ut e *Oe up -4 N')) . If h - W 1411. to a *q) * .:~ uart m trix (t n)~ m - 1 l ( ) 3 l of
weeVis a positive constant and3) 6e ha(yvi 0

proof. See Stanger 19. Example 4.6j. 0 lim b(C)t 0 
,f r

-;a

similarly we can uar (2.25) to apprnsisnte (A r)(21) for a -- )()N) and
* on (-4.1) this approximtion taking the fore

.0



I a~)k(- .t0 141 Elliott D.. The numerical treatment of singular

- L~f 0 - b(,ALk*.tI.,1,a))(dt integrl equationa-a review. from "Treatment

(3.60)ad. by C.T.H. Baker and C.? Miller. Acedsic:
for ~m (--l)l)(~l) and~ i deine by(3.0).Press. London. 1982. pp.297-312.

Im view of the above discusaion.awe replace the 151 9lliott D.. Races of convergeoce for the motbod
syatem (3.58) 0 (.60) by a perturbed linear systemofca icl olcaonfr olng igue

of te sae oder.give byIntegral equationa. SIAM J. Uhmser. AnAl.. 21

(1 - T c *1984. to appear.

where I io an before. T te 161 Ikebe Y.. The Galerkin method for the mimerical
111~~. 41) and th slution of Fredhols Integral equationa of

entries js.a of-dl(2(4)a tile vector i and the second kind. SIAN Review. 14. 1972.
t of the matrix, where m,n * -- )t(4I.are pp.465- 4 91.

given by 171 Kantorovich L.V. sad Akilov G.P.. Puinctional
a(z *)f(T r.) . ( 1 (.2 Analysis. Pergamian Press, Oxford, 1962.

-~aZ~m a~* fWIjz* 0 P a zJ.(.iii ~~~~ ~6 Mmnusi~a2~(Z;n3ithelishvill N.I.. singular Integral

approsimated via the substitution of the formula on 1101 Wilkinson J.H., Rounding Errors in Algebraic
.1 the right hand aide of (3.55) into Algorithim 2.?. Processes. 34.3.S.0.. London. 1963.

Sounds on the difference lie-c II of the solutions
'a of (3.58) ai-d (3.61) can be obtained by the well

known results of linear algebra are. for example,

%a ilnson IO .herwe noe thatn in til we whe n
h * (wdI(.,N:)-the pertur o btIons o V hc c fficients
of the macrig apd the right hand side are

h(t~x((l )

4. An Exampl.

The algorithm described by (3.61) - (3.63) has
been applied to the equation

4-(I-x )1w(x) + S I ;

2 l4~ 6t + R)". (41

%For titaqs :i we kive r(x) 1 ci tie fundamental
function Z(x) 2 sl~s)i ad tilt- 111di's 6

.1. If wt clmoc;.. the particulan solution so that F - 0.5
at any two points of (-1.1) then we find that
P(a) *0.5 for all a (-11.1). By choosing

h - "1(3)s and various values of N we have obtained
I significant figure in the approximate solution
vi-n %i - 4, two significant figures when 34 - 8. three
when N - 16 and five when h - 32. In fact we find
that

"ae lF(z )-F~(kI*3O4ep-.%b~ 42

approximately.
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